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Basic Variants of the Analytical Method of Designing Track 
Geometric Layouts

Władysław KOC1

Summary
Th e article presents (and extends) the basic assumptions of the analytical method for designing track geometric layouts. 
Th e individual elements of the layout (straight sections, circular arcs and transition curves) are described using mathemat-
ical equations and connected with each other while maintaining the condition of tangent compliance. Th e method covers 
various design cases: a symmetrical case, with transition curves of the same type and the same length, an asymmetrical 
case, resulting from diff erent types and lengths of transition curves, as well as methods of designing compound and reverse 
curves. Th e work presents a detailed design procedure for the typical, most common case in which the transition curves 
are symmetrical in relation to the circular arc. Two basic variants diff ering in the location of the local coordinate system 
are considered. In the standard (universal) variant, the location of the beginning of the system in the PL-2000 system is not 
known and is determined only in the fi nal phase of the procedure. Due to this, some interpretation problems may arise. In 
the case of a symmetrical geometric layout, these diffi  culties can be avoided thanks to the introduced modifi cation consist-
ing of locating the origin of the local coordinate system at the intersection of two main directions of the route. Th e article 
presents computational algorithms for both discussed variants. Th e benefi ts of the introduced modifi cation are illustrated 
by the presented computational examples.

Keywords: railroad, analytical design method, modifi cation of the local coordinate system, calculation algorithm, sample 
geometric layouts

1. Introduction
For many years, commercial computer soft ware

has been used to develop design documentation in the 
fi eld of railways [1, 2]. One might get the impression 
that this has had the eff ect of reducing the intensity 
of current research work on the methodology of de-
signing track geometric layouts. However, such work 
is still being carried out [3−6] and its scope is oft en 
limited to specifi c issues such as transition curves [7]
or railroad turnouts [8, 9]. In a  recently published 
book [10], there is a small chapter devoted to the topic 
of designing track geometric layouts. However, vari-
ous research works on determining the geometric lay-
out of the track along the measurement path are being 
developed on a large scale [11–21].

In 2009, a  research team of the Gdańsk Univer-
sity of Technology and the Naval Academy in Gdynia 
conducted fi eld experiments involving the use of 
GNSS (Global Navigation Satellite System) receivers, 
installed on a  moving rail vehicle, to determine the 

coordinates of railroad track axes [22]. Th ose activi-
ties, developed in the following years [23], were re-
ferred to as mobile satellite measurements.

Mob ile satellite measurements provide a  huge 
number of coordinates in a  very short time – the 
currently used receivers have a  frequency of up to 
100 Hz. In 2009, this frequency was much lower, but 
still - compared to traditional geodetic measurements 
– the number of obtained measurement data was in-
comparably greater. Th is situation was the inspiration
to adapt the methodology for designing track geo-
metric layouts to satellite measurements.

Th e  article [24] presents for the fi rst time the as-
sumptions of the so-called analytical design method 
(ADM); more precisely, concerning the design of 
the area of the route direction change. In this method, 
the individual elements of the layout (straight seg-
ments, circular arcs and transition curves) are de-
scribed using mathematical formulas and connected 
with each other while maintaining the condition of 
tangent compliance. Th e paper [24] considers the 
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symmetrical case characterized by transition curves 
of the same type and length. Th e work [25] provides 
a generalization of the method under study and con-
cerns the design of an asymmetrical system created by 
varying the type and length of transition curves. Using 
an analogous approach to the given cases, a method 
for designing compound [26] and reverse [27] curves 
was also developed. 

2. Bas ic assumptions of the analytical 
design method

Th e b asis for designing a railroad route in the hori-
zontal plane is the creation of its polygon, that is, a sys-
tem of intersecting main directions. Th e route poly-
gon is located on a site and elevation plan specifi ed in 
the relevant state spatial reference system. In Poland 
– with regard to plane coordinates – the PL-2000 sys-
tem [28] is in force, created based on a  mathemati-
cally unambiguous assignment of points on the GRS 
80 reference ellipsoid [29] to corresponding points on 
the plane according to the Gauss-Krüger projection 
[30]. Th e individual main directions can be written in 
the form of a formula:

 X = Ai + BiY,  (1)

where Y  is the eastern plane coordinate values, X – the 
northern coordinate values, while Ai and Bi are the co-
effi  cients of the equation of a given line.

From the  point of view of determining the actual 
direction of the route, the key value is the slope co-
effi  cient of the straight line Bi = tan φi. Determining 
the angles of inclination of the adjacent straight lines 
φi and φi+1 with respect to the Y axis allows to deter-
mine the basic data for design – the turning angle α 
of the route. Th e values of φi and φi+1 can be positive 
or negative, but the following conditions must be met: 

     
 

,
2 2i  and   

   
 

1 ,
2 2i . Depending 

on the geometric layout, angle α is determined using 
one of two formulas:

    1i i  (2a)

or 

      1i i  (2b)

Knowledge of the equati ons of the adjacent main 
directions of the route makes it possible to determine 

the coordinates of their point of intersection, i.e. point 
W(YW, XW). Th e YW and XW coordinates are as follows:
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In the me thod under study , however, the design of 
the area of the route direction change is not done in 
the PL-2000 system, but in the corresponding local 
Cartesian x, y coordinate system, the basis of which is 
the symmetrically aligned adjacent main directions. 
Figure 1 shows two intersecting main directions (line 
i and line i+1), with the origin of the PL-2000 system 
shift ed to the selected point O(YO, XO), located on line 
i. Th e presented case applies to the standard (i.e. uni-
versal) variant of the analytical design method. Th e 
detailed design procedure for that variant is presented 
in section 3 of this article.

line

lin
e

Fig. 1. Local x, y coordinate  system in the ADM standard variant 
against the background of the intersecting directions of the main 

route, in the shift ed PL-2000 system [own elaboration]

Th e next section describes a  modifi ed variant of 
the analytical method for designing track geomet-
ric layouts. In that variant, the general image of it is 
shown in Figure 5, the origin of the PL-2000 system is 
moved to a clearly defi ned point W(YW, XW).

To obtain a symmetrical arra ngement of the main di-
rections, the displaced PL-2000 system must be addition-
ally rotated by an appropriate angle β in both variants.
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3. Standard design option

3. 1. General characteristics 

Th e process of the creation  of a local x, y coordinate 
system in the standard design variant is illustrated in 
Figure 1. Th e origin of that system, the point O(0,0), 
corresponds to the origin of the PL-2000 system shift -
ed to the point O(YO, XO). However, to properly set the 
x-axis, the YP, XP system must be rotated by an angle 
β with respect to point O. Th e value of that angle is 
determined using one of the formulas (5a) ÷ (5f).

 
  
2i  (5a)

 
  
2i  (5b)

 

      
 2i  (5c)

 

      
 2i  (5d)

 

      
 2i  (5e)

 

     
 2i  (5f)

Table 1 summarises the characteris tics of all geo-
metric cases. YPW and XPW are the coordinates of the 
W vertex (in the shift ed PL-2000 system). Th e sym-
bols (+) and (−) indicate positive and negative values, 
while (L) and (R) indicate the directions of the route 
turn (rotation of the system) to the left  or right. Th e 
numbering of the applicable formulas for α and β an-
gles is also given.

In the local coor dinate system, the x and y values 
are determined using the formulas [31]:

        cos sinO Ox Y Y X X  (6)

 
         sin cosO Ox Y Y X X  (7)

whereby the positiv e value of the angle β is taken into 
account in the case of rotation of the system to the 

Table 1
Characteristics of possible cases of the railroad route direction change in the standard design variant

No. YPW abscissa XPW ordinate
Railroad 

route direc-
tion change

φi angle φi+1 angle α angle β angle System 
rotation y ordinate

1 (+) (+) (R) (+) (+) (2a) (5a) (L) (+)
2 (+) (+) (R) (+) (–) (2a) (5a) (L) (+)
3 (+) (+) (L) (+) (–) (2b) (5b) (L) (–)
4 (+) (+) (L) (+) (+) (2b) (5b) (L) (–)
5 (–) (+) (R) (–) (+) (2b) (5c) (L) (+)
6 (–) (+) (R) (–) (–) (2b) (5c) (L) (+)
7 (–) (+) (L) (–) (–) (2b) (5d) (L) (–)
8 (–) (+) (L) (–) (+) (2a) (5d) (L) (–)
9 (–) (–) (R) (+) (+) (2a) (5e) (R) (–)

10 (–) (–) (R) (+) (–) (2a) (5e) (R) (–)
11 (–) (–) (L) (+) (–) (2b) (5f) (R) (–)
12 (–) (–) (L) (+) (+) (2b) (5f) (R) (–)
13 (+) (–) (R) (–) (+) (2b) (5a) (R) (+)
14 (+) (–) (R) (–) (–) (2b) (5a) (R) (+)
15 (+) (–) (L) (–) (–) (2a) (5b) (R) (–)
16 (+) (–) (L) (–) (+) (2a) (5b) (R) (–)

[Own elaboration].
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left , and its negative value in the case of rotation to 
the right. Th e inclination angles of the straight lines 
determining the main directions are as follows: 
 for positive values  of the y ordinates (cases 1, 2, 5, 

6, 13, 14 in Table 1)

 
 
2i ,    1 2i  (8)

 with negative values o f the y ordinates (cases 3, 4, 
7 ÷ 12, 15, 16 in Table 1)

 
  
2i ,   1 2i  (9)

To design the geometric  layout of the area  of 
the  route direction change, it is necessary to deter-
mine its basic parameters related to the assumed 
speed of trains V. Determination of the coordinates 
of the track axis in the x, y system requires a prior de-
termination – in addition to the turning angle α of the 
route – of the following data:
 radius R of the circular arc,
  cant h0 on the curve,
 type and length of the adopted transition curves.

Th e standard procedure of desi gn, presented fur-
ther down the text, applies t o the typical most common 
case in which the transition curves are symmetrical in 
relation to the circular arc [24]. Both in this and other 
cases (described in the works [25–27]), in the initial 
phase, the location of the origin of the loca l x, y coor-
dinate system in relation to the PL-2000 system is not 
specifi ed, therefore it is of a contractual nature. Full in-
tegration of the local coordinate system (LCS) and the 
PL-2000 system requires the performance of the design 
procedure in the LCS almost to the very end.

Geometric layout design consist s of several stages. 
Th e case of turning the route to the right is considered 
here (Figure 2). When the route is turned to the left , 
negative values of the y ordinates are obtained; to use 
the algorithm described below, it is necessary to mir-
ror these ordinates with respect to the abscissa axis 
and use values  y y . 

3.2.  Determination of the coordin ates of the 
transition curve in the auxiliary xk, yk 
coordinate system

Th e process starts by drawing th rough the 
OLUW(0,0) point in the local x, y coordinate system 
a straight line imitating the main direction i, inclined 
at an angle α/2 to the x axis. Th e formula is as follows:

 


 tan
2

y x  (10)

Th e line (10) is the abscissa axis  of the auxiliary 
coordinate system xk, yk, associated with the transition 
curve.

As established in the work [25], t he form of a cor-
rect transition curve results from the equation of its 
curvature κ(l), where l is the position of a given point 
of the curve measured along its length. Th e deter-
mined transition curve is presented using the para-
metric equations xk(l) and yk(l), for  0, kl l , where lk 
is the length of the transition curve. For example, for 
a transition curve with a linear curvature, i.e. clothoid, 
these equations in the xk, yk system in Figure 2 are as 
follows:

 
    5 5

2 2 4 4

1 1
40 3456k

k k

x l l l l
R l R l

 (11)

 
 

     3 7 11
3 3 5 5

1 1 1
6 336 42240k

k k k

y l l l l
Rl R l R l

 (12)

Th e further course of action requires  knowing the 
coordinates of the end point of the transition curve 
xk(lk) and yk(lk) , as well as the angle of inclination of 
the curve θ(lk) at that point. For the clothoid, the coor-
dinates xk(lk) and yk(lk) are determined using formu-
las (11) and (12), while the θ k(lk) angle is determined 
using the formula:

 
   

2
k

k k
ll
R

 (13)

Fig. 2. Adopted local coordinate system in the ADM 
standard variant (symmetrical case) 

[own elaboration]

line

line



Basic Variants of the Analytical Method of Designing Track Geometric Layouts 175

3.3.  Transformation of the transition c urve to 
the local x, y coordinate system

Th e next step is to transform the tran sition curve to 
the adopted local coordinate system by rotating its datum 
by the α/2 angle. In the case under consideration, due 
to the clockwise direction of rotation, there are negative 
angle values in the applied transformation formulas [31].

 
               

   
cos sin

2 2k kx l x l y l  (14)

 
                

   
sin cos

2 2k ky l x l y l  (15)

Since  
 0,

2 2
, the following parametric 

equatio ns of the transition curve in the local coordi-
nate system are obtained:

 
      

 cos sin
2 2k kx l x l y l  (16)

 
      

 sin cos
2 2k ky l x l y l  (17)

Th e abscissa of the transition curve  0, KPx L , 
w here:

 
      

  cos sin
2 2KP k k k k kL x l x l y l  (18)

Th e end ordinate of the transition curve is: 

 
      

  sin cos
2 2KP k k k k ky y l x l y l  (19)

and the value of the tangent at the end

 
      

tan
2KP k ks l  (20) 

3.4. Determination of ordinates of circular  arc

Knowing the position of the transition curv e, a circu-
lar arc of radius R can be inserted into the geometric lay-
out. Th e length of its projection on the x-axis, i.e. the val-
ue of LŁK, is determined based on tangency conditions:
 at the beginning of the arc, i.e. for x  =  LKP, 

y’(LKP) = sKP,

 at the centre of the arc, i.e. for x  =  LKP + LŁK, 
y’(LKP + LŁK) = 0. 
From these conditions, it follows that:

 
21

KP
LK

KP

sL R
s




 (21)

Now,  the equation of the circular arc can be deter-
 mined in the form of an explicit function y = y(x). It 
has the following form:

 

   22

2 2

KP KP LK

LK

y x y R L L x

R L

     

 

 ,KP KP LKx L L L   

(22)

Th e ordinate of the centre of the circular arc S i s:

   2 2
KP LK KP LKy L L y R R L      (23)

3.5.  Completion of coordinates for the second 
part  of the designed route area

Th e solution presented so far covers half of the 
entire geometric layout, i.e. the region from the be-
ginning of the transition curve to the centre of the 
circular arc. Th us, it is necessary to complete the or-
dinates for the second part of the designed area, i.e. 
for  ,2KP LK KP LKx L L L L   . Due to symmetry, 
they will be a mirror image of the solution obtained 
for 0, KP LKx L L  .

If the length of the projection of the entire system 
on the x-axis is denoted as L, where L = 2(LKP + LŁK),
then for the second transition curve, i.e. for 
  ,KPx L L L , the abscissa equation is obtained:

 
           

cos sin
2 2k kx l L x l y l ,

  0, kl l  

(24)

where xk(l) is defi ned by equation (11), and yk(l) – by 
equation (12). Th e equation of the ordinate y(l) is de-
scribed, as before, by formula (17).

For the other half of the circular arc, the following 
equation applies:

 

   22

2 2

KP KP LK

LK

y x y R x L L

R L

     

 

 , 2KP LK KP LKx L L L L    

(25)

,
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3.6.  Determination of the position of the 
local coordinate system against the main 
directions of the route

Determining the coordinates of the centre of the 
circular arc S enables to determine the coordinates of 
the WLUW point, which is the intersection of the main 
direction i and the line parallel to the main direction 
i+1 (Figure 2). Th e abscissa of the WLUW point in the 
local coordinate system is the same as the abscissa of 
the S point, therefore it is equal to:

 ( )W LUW S KP LKx x L L    (26)

Since the WLUW point lies on the straight line 
imitating the main direction i, described by equa-
tion (10), the value of its ordinate is equal to

 
 ( ) ( )tan tan

2 2W LUW W LUW KP LKy x L L 
    (27)

So far, the local coordinate system has been oriented 
with respect to one of the main directions (straight line i). 
By determining the coordinates of the WLUW point, it is 
possible to consider the other direction as well (i.e. straight 
line i+1). In this way, the location of the LCS was clearly 
determined against the main directions of the route.

Knowing the coordinates of the WLUW vertex 
makes it possib le to determine its distance from the 
origin of the local coordinate system.

 
 

2

1 tan
2LUW LUW KP LKW O L L    

 
 (28)

Th is allows the LCS position to be adjusted by 
taking  into  account the correct distance of its origin 
point from the W vertex (Figure 2). Th e origin of 
the adjusted coordinate system xkor, ykor is located at 
point O, the distance of which from the W vertex is 

 LUW LUWWOW O . Th is system is horizontally dis-
placed relative to the x, y system by a value of

 


  cos
2

x OW  (29)

and vertically by

 


  sin
2

y OW  (30)

In the adjusted LCS, the coordinates  of the de-
signed geometr ic layout are the same as in the x, y 
system; which means that xkor = x, ykor = y.

3.7.  Determination of coordinates of the point 
O(0,0) in the  PL-2000 system

Th e distance between points O and W, defi ned by 
formula (28 ), can also be found in the PL-2000 sys-
tem. Th ere, the coordinates of point W are described 
by equations (3) and (4), while both points are found 
on line i. Th us, it is possible to determine the coordi-
nates of point O in the PL-2000 system. Th e values of 
the coordinates are as follows:

 
 

 2

1
1

O W

i

Y Y OW
B

 (31)

 
 

 21
i

O W

i

BY X OW
B

 (32)

3.8.  Transfer of the designed geometric layout 
to the PL-200 0 system

Determining the YO and XO coordinates using 
a predetermined  rotation angle β makes it possible to 
transfer the obtained solution from the local coordi-
nate system to the PL-2000 system. Th is is done using 
the following formulas [31]:

    cos sinOY Y x y  (33)

    sin cosOX X x y  (34)

3.9. Calculation example I

In the PL-2000 system, the straig ht line represent-
ing the ma in direction i is described using the formula

X = 42,950,337.428 – 5.67128182 Y,

and the straight line representing the direction i +1 – 
with  the use of the formula:

X = 552,615.938 + 0.83909963 Y

Th e coordinates of the intersection point of 
the main direct ions are: YW  =  6,512,325.247 m, 
XW = 6,017,105.651 m.

Due to the assumption of the location of point O on 
straight  line i, with coordinates YO = 6,512,505.628 m 
and XO  =  6,016,082.661 m, in the shift ed PL-2000 
system, the W vertex has the following coordinates: 
YPW = −180.381 m and XPW = 1022.990 m. Based on 
the given equations of the main directions, it fol-
lows that the inclination angles of the straight lines 
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are: φi = –1.396263 rad and φi+1 = 0.698132 rad. Since 
the route turns right, the given situation is case  5 
in Table  1. Th e turning angle of the route – based 
on formula (2b) – is α = 1.047198 rad, while the re-
quired turn angle - determined by formula (5c) – is 
β  =  1.221730  rad. In the x, y coordinate system, 
the inclination angles of the straight lines will be: 
i  = 0.5 23599 rad,  1i  = −0.523599 rad (such an ar-
rangement of inclinations is typical for the case when 
the route turns right).

Th e speed of trains on the designed geometric lay-
out was assumed to be V = 160 km/h . Th is condition 
is met by a system with a radius R = 1660 m and a cant 
of h0  =  95 mm, where the unbalanced acceleration 
am = 0.569 m/s2. Th e required length of the transition 
curve in the form of a clothoid is lk = 160 m (wheel lift  
speed on the gradient due to cant f = 26.389 mm/s).

Th e design procedure was initiated by determining 
the coordinates of the transition  curve in the form of 
a clothoid in the xk, yk system. At its end point, the values 
xk(lk) = 159.963 m and yk(lk) = –2.578 m were obtained, as 
well as the tangent inclination angle: θk(lk) = –0.04819 rad. 
Rotation by α/2 angle resulted in x, y coordinates of the 
curve. At its end, these amounted to: x(lk) = LKP = 139.821 
m and y(lk) = 77.749 m. At that point, the inclination angle 
of the tangent was θ(lk) = 0.475406 rad.

Using the formula (21), the value of LŁK = 759.781 m 
was determined. Knowledge of the LK P and LŁK made 
it possible to determine the coordinates of half of 
the circular arc using equation (22). Th e centre of 
the circular arc has the following abscissa: xS = LKP + 
LŁK = 899.602 m and an ordinate: yS = 261.831 m.

Th e coordinates for the other half of the designed 
route area were then completed. Due to s ymmetry, 
they are a mirror image of the solution obtained for 

0, KP LKx L L  . Th e length of the projection of the 
whole system on the abscissa axis was 1,799.204 m. 
Figure 3 shows the designed geometric layout in the 
local coordinate system. Red indicates circular arc 
purple – transition curves, green – straight sections.

In the next step, the coordinates of the LCS ori-
gin point in the PL-2000 system were determin ed. 

Th e distance of that point from the W vertex was 
1038.771 m. In the case under consideration, the co-
ordinates of point O in the PL-2000 system were de-
termined using the following formulas:

 
 2

1
1

O W

i

Y Y OW
B

 
 21

i
O W

i

BY X OW
B

Based on that YO  =  6,512,505.628 m and 
XO = 6,016,082.661 m were obtained. Figure 4 shows 
the  designed geometric layout in the PL-2000 system.
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4. Modifi ed design variant

4.1. General characteristics

One methodological reservation could be made to 
the presented s tandard design method regarding the 
operation of an ambiguously defi ned local coordinate 
system during the implementation of the relevant 
procedure. Th e position of the origin point of the sys-
tem with respect to the corresponding main point of 
the route and the resulting coordinates in the PL-2000 
system are determined only in the fi nal phase. Some 
interpretation problems may arise, which result from 
the need to correctly select the symbols in formulas 
(31) and (32). Moreover, YO and XO coordinates play 
a key role in transferring the obtained solution from 
the local coordinate system to the PL-2000 system, 
using formulas (33) and (34).

In the case of a  symmetrical geometric layout, 
those diffi  culties can be avoided by not using the 
O(YO, XO) point. Th is is possible by locating the origin 
of the local coordinate system at the intersection of 
the two main directions, whose YW and XW coordi-
nates are known. Th e way of creation of a modifi ed 
local coordinate system is shown in Figure 5.

line

lin
e

Fig. 5. Local x, y coordinate system in the ADM modifi ed variant 
against the background of th e intersecting directions of the main 

route, in the shift ed PL-2000 system [own elaboration]

As before, to obtain a symmetrical arrangement of 
the main directions, it is necessary to mak e the ap-
propriate transformation (shift  and rotation) of the 
PL-2000 system. However, this time the origin of the 
PL-2000 system is shift ed to the W(YW, XW) point, 
while the rotation is made in relation to that point 

by β angle until a symmetrical alignment of the two 
straight lines is achieved. Th e value of the angle β is 
determined using one of the formulas (35a) ÷ (35g).

 

   1 2i
  

(35a)

 
   1 2i  (35b)

 

   
    
 

1 2i  (35c)

 

   
    
 

1 2i  (35d)

 

   
    
 

1 2i  (35e)

 

   
    
 

1 2i  (35f)

 

  
    
 

1 2i  (35g)

Table 2 summarises the characteristics of all geo-
metric cases. YPP and XPP are the coordinates of the 
origin in the shift ed PL-2000 system. Th e symbols (+) 
and (−) indicate positive and negative values, while 
(L) and (R) indicate the directions of the route turn 
to the left  or right. Th e numbering of the applicable 
formulas for α and β angles is also given. Th ere are 
several stages of the design process of the geometric 
layout, which are outlined in sections 4.2 ÷ 4.4.

4.2.  Determination of basic characteristic 
quantities

To be able to operate in the local coordinate sys-
tem, the basic characteristic quantities must be deter-
mined. Th ose are the lengths of the projections of the 
transition curve (LKP) and half of the circular arc (LŁK) 
on the horizontal axis, as well as the lengths of the 
projections of the transition curve (ΔyKP) and the cen-
tre of the circular arc (ΔyŁK) on the vertical axis. Th ere 
is – to a limited extent – an analogy to the course of 
the procedure presented in sections 3.2 ÷ 3.4. Th e 
calculation of the required parameters is carried out 
in the Δx, Δy system shown in Figure 6. In the given 
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case, it refers to the turn of the route to the right, with 
a positive value of the inclination angle of the main 
route i in the x, y system. In the case of a left ward turn 
of the route, when the values of the inclination angle 
of the main route i in LCS are negative, it is enough to 
direct the Δy axis downwards (and adjust the yk axis 
accordingly) to obtain a  full analogy to the case of 
a rightward turn of the route considered below.

Th e design process was initiated by drawing 
through the O(0, 0) point in the Δx, Δy co ordinate 
system a straight line imitating the main direction i, 
described with the formula:

 


  tan
2

y x  (36)

Δy  

Δx

xk 

yk  

α/2  
O  

ΔyKP 

ΔyŁK  

LKP  LŁK 

S  

Fig. 6. Th e way of determining the basic characteristic quantities 
of a geometric layo ut [own elaboration]

Th e straight line is the abscissa axis of the auxiliary 
coordinate system xk, yk, associ ated with the transition 

Table 2
Characteristics of possible cases of the railroad route direction change in the modifi ed design variant 

No. YPP abscissa XPP ordinate
Railroad route 

direction 
change

φi angle φi+1 angle Diff erence 
φi+1 – φi

α angle β angle

1 (–) (–) (R) (+) (+) (–) (2a) (35a)

2 (–) (–) (R) (+) (–) (–) (2a) (35a)

3 (–) (–) (R) (+) (+) (+) (2b) (35g)

4 (–) (–) (L) (+) (+) (+) (2a) (35b)

5 (–) (–) (L) (+) (–) (–) (2b) (35f)

6 (–) (–) (L) (+) (+) (–) (2b) (35f)

7 (+) (–) (R) (–) (–) (–) (2a) (35c)

8 (+) (–) (R) (–) (+) (–) (2b) (35a)

9 (+) (–) (R) (–) (–) (–) (2b) (35a)

10 (+) (–) (L) (–) (–) (+) (2a) (35f)

11 (+) (–) (L) (–) (+) (+) (2a) (35c)

12 (+) (–) (L) (–) (–) (–) (2b) (35b)

13 (+) (+) (R) (+) (+) (+) (2b) (35a)

14 (+) (+) (R) (+) (–) (–) (2b) (35e)

15 (+) (+) (R) (+) (+) (–) (2a) (35e)

16 (+) (+) (L) (+) (+) (+) (2a) (35d)

17 (+) (+) (L) (+) (–) (–) (2b) (35b)

18 (+) (+) (L) (+) (+) (–) (2b) (35b)

19 (–) (+) (R) (–) (–) (–) (2a) (35a)

20 (–) (+) (R) (–) (+) (+) (2b) (35g)

21 (–) (+) (R) (–) (–) (+) (2b) (35g)

22 (–) (+) (L) (–) (–) (+) (2a) (35b)

23 (–) (+) (L) (–) (+) (+) (2a) (35b)

24 (–) (+) (L) (–) (–) (–) (2b) (35f)
[Own elaboration].
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curve. What matters are the coordinates of the end point 
of the curve in this system, which are derived from the 
corresponding parametric equations x(l) and y(l) for 
l = lk. For the clothoid, those coordinates are as follows:

 
    

3 5

2 440 3456
k k

k k
l lx l l
R R

 (37)

 
     

2 4 6

3 56 336 42240
k k k

k k
l l ly l
R R R

 (38)

while the inclination angle of the θk(lk) curve is deter-
mined using the formula (13).

Th  e transformation of the transition curve to the 
Δx, Δy coordinate system is done by rotating its da-
tum by the α/2 angle. As a  result of that operation, 
the required value of the projection of the transition 
curve on the horizontal axis:

 
      

   cos sin
2 2KP k k k k kL x l x l y l  (39)

and vertical axis 

 
      

    sin cos
2 2KP k k k k ky y l x l y l  (40)

is obtained.
Th e value of the tangent at the end is determined 

using the formula (20). For  a given radiu s R of a cir-
cular arc, the length of the projection of LŁK on the 
horizontal axis can be directly determined using the 
formula (21). Th e value of the projection of the centre 
of the circular arc on the vertical axis is as follows:

  2 2
£K KP LK KP LKy y L L y R R L          (41)

It should also be taken into account that depending 
on the slope of the straight line i ( pos itive or negative), 
the position of the designed geometric layout in the local 

coordinate system will be diff erent. Th erefore, a separate 
calculation procedure must be used for both cases.

Th ere are several stages of the design of the geomet-
ric layout, starting with the assumption  of an auxiliary 
xk, yk coordinate system associated with the transition 
curve. Th e abscissa axis of this system is located on the 
main direction i, and its origin (point P) coincides with 
the origin of the designed geometric layout. Th e course 
of the procedure involves two cases, determined by the 
location of this arrangement relative to the W vertex.

4.3.  Determination of coordinates in the x, 
y system for a geometric layout located 
below the  vertex W

For a geometric layout located below the vertex W, 
there is a positive inclination of the ma in direction i 
(Figure 7).

Knowing the lengths of the projections of the tran-
sition curve (LKP and ΔyKP) and half of the  circular arc 
(LŁK and ΔyŁK) on the axes of the coordinate system al-
lows one to create a modifi ed local coordinate system 
with marked characteristic points. Th e layout points 
that occur are as follows: W – intersection of the main 
directions of the route (beginning of the LCS), P – be-
ginning of the geometric layout, K1 – end of the fi rst 
transition curve, S – centre of the circular arc, K2 – end 
of the second transition curve, K – end of the geometric 
layout. Th e coordinates of the origin point P are:

  P KP LKx L L    (42)

 
 tan tan

2 2P P KP LKy x L L 
     (43)

4.3.1. First transition curve 
(for    ,KP LK LKx L L L    )

As stated in section 3.2, the transition curve is 
written us ing the parametric equations xk(l) and yk( l), 
for  0, kl l . For the clothoid, the coordinates xk(l) 
and yk(l) are determined using formulas (11) and (12), 

line line
Fig. 7. Adopted local coordinate system in the 

modifi ed AMP variant with marked characteristic 
points for the case of a geometric layout located 

below the vertex W [own elaboration]
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while angle of inclination of the tangent θk(lk) is deter-
mined using the formula (13).

Th e next step is to transform the transition curve to 
the adopted local coordinate system. In the case at  hand, 
the transformation consists of rotating the xk, yk system 
to the right by an angle α/2 and taking into account the 
location of point P in the LCS. Th e following parametric 
equations of the transition curve are obtained:

 
       cos sin

2 2KP LK k kx l L L x l y l 
      

(44)

 
       tan sin cos

2 2 2KP LK k ky l L L x l y l  
      

(45)

Th e abscissa of the end point of the transition 
curve (i.e. K1 point) is xK1 = –LŁK, while the end ordi-
nat e of the curve results from the formula:

     1 tan sin cos
2 2 2K KP LK k k k ky L L x l y l  

      

(46)

Th e value of the tangent at the end is determined 
using the formula (20).

4.3.2. Circular arc (for ,LK LKx L L  )

Th e  equation of the entire circular arc can be writ-
ten in the form of an explicit  function y = y(x); it has 
th e following form:

   2 2 2 2
1K LKy x y R x R L      (47)

Th e ordinate of the centre of the circular arc (i.e. 
S point) is:

   2 2
10S K LKy y y R R L      (48)

4.3.3. Second transition curve 
(for ,LK KP LKx L L L   )

Due to the symmetry of the designed geometric 
layout, in the parametri c equations of the second 
transition curve , the ordinate values of y(l) are de-
scribed – as before – by formula (45). However, the 
equation of the abscissa is diff erent, taking the fol-
lowing form:

 
     cos sin

2 2KP LK k kx l L L x l y l       
 (49)

4.3.4.  Transfer of the designed geometric layout 
to the PL-2000 system

Th e YW and XW coordinates, known from the  
outset, as well as the previously determined rotation 
angle β, make it  possible to transfer the obtained solu-
tion from the local coordinate system to the PL-2000 
system. Th is is done using the following formulas:

    cos sinWY Y x y   (50)

    sin cosWX X x y  (51)

4.4.  Determination of coordinates in the x, 
y system for a geometric layout located 
above the vertex W

For a ge ometric layout located above the vertex W, 
there is a negative inclination of the main direction i 
(Figu re 8).

Th e abscissa of the origin point P follows – as be-
fore – from formula (42), while the ordinate – from 
the relatio nship:

 
 tan

2P KP LKy L L
   (52)

linelineFig. 8. Adopted local coordinate system in the 
modifi ed ADM variant with marked characteristic 

points for the case of a geometric layout located 
above the vertex W [own elaboration]
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4.4.1. First transition curve 
(for   ,KP LK LKx L L L    )

First transition curve is written using the paramet-
ric equations xk(l) and  yk(l), for  0, kl l . In the xk, yk 
coordinate  system in Figure 8, the equation x(l) takes 
– as before – the form of (11), while yk(l) is as follows:

 
    3 7 11

3 3 5 5

1 1 1
6 336 42240k

k k k

y l l l l
Rl R l R l

 (53)

Th e angle of inclination of the tangent θk(lk) is de-
scribed by the formula:

 
  

2
k

k k
ll
R

 (54)

Th e transformation of the transition  curve to the 
adopted local coordinate system consists, in the given 
case, of rota ting the xk, yk system to the left  by an angle 
α/2. Th e following parametric equations of the transi-
tion curve in the LCS are obtained:

 
       cos sin

2 2KP LK k kx l L L x l y l 
      

(55) 

 
       tan sin cos

2 2 2KP LK k ky l L L x l y l  
     

(56)
Th e abscissa of the end point of the transition 

curve (i.e. K1 point) is xK1 = –LŁK, while the end ordi-
nate of the curv e results from the formula:

 
     1 tan sin cos

2 2 2K KP LK k k k ky L L x l y l  
     

(57)

Th e value of the tangent at the end is determined 
using the formula:

 
      

tan
2KP k ks l  (58)

4.4.2. Circular arc (for ,LK LKx L L  )

Th e equation of t he entire circular arc is as follows:

   2 2 2 2
1K LKy x y R x R L      (59)

Th e ordinate of the centre of the circular arc (i.e. 
S point) is:

   2 2
10S K LKy y y R R L      (60)

4.4.3. Second transition curve 
(for ,LK KP LKx L L L  )

Due to the symmetry of the designed geometric 
layout, in the parametric equations of the second tran-
sition curve, the ordinate values of y(l) are described 
– as before – by formula (56). However, the equation 
of the abscissa is diff erent, taking the following form:

 
     cos sin

2 2KP LK k kx l L L x l y l       
 (61)

As in section 4.3.4, the transfer of the designed 
geometric layout to the PL-2000 system is done using 
formulas (50) and (51).

4.5. Calculation example II

In the PL-2000 system, the straight line represent-
ing the main direction i is described by the f ormula:

X =17,900,192.150 –  1.73205081 Y

and the straight line representing the direction i +1 – 
with the use of the formula:

X = 8,696,475.885 – 0.36397023 Y

Th e  coordinates of the intersection point of 
the main directions are: YW  =  6,727,466.528 m, 
XW = 6,247,878.317 m.

Due to the  symmetry of the designed geometric 
layout, the origin of the local coordinate system was 
located at the intersecti on of the two main direc-
tions. Th us, in the shift ed PL-2000 system, it is the 
W(0, 0) point. Based on the given equations of the 
main directions, it follows that the inclination an-
gles of the straight lines are: φi = –1.047198 rad and 
φi+1 = –0.349066 rad. Since the route turns left  here, 
the given situation is covered by case 22 in Table 2.

Th e curve defl ection angle – based on formula (2a) – is 
α = 0.698132 rad, while the required angle of rotation – de-
termined by formula (35b) – is equal to β = –0.698132 rad 
(meaning a  clockwise rotation). In the x, y coordinate 
system, the inclination angles of the straight lines will 
be: i  = –0.349066 rad,  1i  = 0.349066 rad (such an ar-
rangement of inclinations is a typical situation for the case 
of a left  turn of the route, which occurs with a negative 
inclination of the main direction i in the x, y system).
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Th e speed of trains on the designed geometric lay-
out was assumed to be V = 120 km/h. Th is condition 
is met by a layout with a radius R = 850 m a nd a cant 
of h0  =  110  mm, where the unbalanced acceleration 
am = 0.588 m/s2. Th e required length of the transition 
curve in the form of a clothoid is lk = 135 m (wheel lift  
speed on the gradient due to cant f = 27.160 mm/s).

Th e fi rst step was to perform an auxiliary opera-
tion to determine the values of LKP and ΔyKP as well 
as LŁK and ΔyŁK. In the given case, the mai n direction 
i has a negative inclination in the x, y system. Th ere-
fore – unlike the situation in Figure 6 – the Δy axis 
must be directed downward, and the yk axis adjusted 
accordingly. It was fi rst necessary to determine the 
coordinates of the end of the transition curve in the 
xk, yk coordinate system using formulas (37) and (38). 
Th ey are: xk(lk)  =  134.915 m and yk(lk)  =  –3.609  m. 
Th e angle of inclination of the tangent is equal to 
θk(lk)  =  –0.079412 rad. Rotation by an angle α/2 
to the left  yielded – using formulas (39) and (40) – 
the sought-aft er values of LKP and ΔyKP; they are 
LKP = 128.000 m and ΔyKP = 42.787 m. Th e θ(lk) angle 
necessary to determine LŁK, based on formula (20), 
is equal to θ(lk) = 0.26965 rad. In this situation, the 
values of LŁK and ΔyŁK can be determined using for-
mulas (21) and (41); they are equal to LŁK = 226.438 m 
and ΔyŁK = 73.504 m.

Further design operations are performed in the 
local x, y coordinate system. An auxiliary xk, yk co-
ordinate system associated with the fi rst transition 
curve is assumed. Th  e beginning of this curve is 
also the beginning of the designed geometric layout, 
and its coordinates in the LCS are: xP = −354.439 m, 
yP = 129.005 m.

Clothoid coordinates xk(l) and yk(l) were deter-
mined using formulas (11) and (53) for  0;135l  m.
Th e value of the tangent inclination at the end 
of the curve – based on formula (54) – was 
θk(lk)  =  0.079412  rad. Th e next step is to transform 
the transition curve to the adopted local coordinate 
system. In the case at hand, the transformation con-
sists of rotating the xk, yk system to the left  by an angle 
α/2 and taking into account the location of point P in 

the LCS. Th e parametric equations x(l) and y(l) fol-
low from formulas (55) and (56), and the condition 
  354, 439; 226, 426x  m applies. Th e abscissa of 

the end point of the transition curve (i.e. K1 point) is 
xK1 = –226.426 m, while the end ordinate of the curve 
yK1 = 86.249 m. Th e angle of inclination of the tangent 
is equal to θ(lk) = –0.26965 rad.

Knowledge of the LKP and LŁK made it possible 
to determine the ordinate of the circular centre (for 
xS = 0) using equation (60). It is yS = 55.536 m. Th e 
coordinates for the other half  of the designed route 
area were then completed. Due to symmetry, they 
are a  mirror image of the solution obtained for 

0, KP LKx L L  . Th e length of the projection of the 
whole layout on the abscissa axis was 708.877 m. Fig-
ure 9 shows the designed geometric layout in the local 
coordinate system. Red indicates circular arcs, purple 
– transition curves, green – straight sections.

In the next step, the obtained solution was trans-
formed to the PL- 2000 system, using formulas (50) 
and (51). Th e designed geometric layout is shown in 
Figure 10 (the colours of the indicat ions are the same 
as in (Figure 9).

Th e presented calculation example shows the 
clear advantages that c an  be obtained by loc ating the 
origin of the local coordinate system at the point of 
intersection of the two main directi ons of the route 
(whose coordinates are known). A  suitable calcula-
tion algorithm leads to the solution of the problem in 
a sequential manner, much more convenient than was 
previously the case.

5. Conclusions

Th e article presents (and extends) the basic as-
sumptions of the analytical method for designing 
track geometric layouts. Th e design method was in-
spired by mobile satellite measurements in itiated in 
2009 by a research team from the Gdańsk University 
of Technology and the Naval Academy in Gdynia. 
Th ese measurements provide a vast number of track 
axis coordinates in a very short time – the receivers 
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Fig. 9. Example II: geometric layout designed by modifi ed analytical method in local coordinate system [own elaboration]
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used today have frequencies of up to 100 Hz. Th is had 
to be utilised in some way, most simply by adapting 
the design method accordingly.

In the analytical design method, the individual 
elements of the geometric layout (straight sections, 
circular arcs and transition curves) are described us-
ing mathematical equations. Th e des ign of the area of 
the route direction change is carried out in the cor-
responding local Cartesian coordinate system, the 
basis of which is the symmetrically aligned adjacent 
main directions of the route. In order to be able to 
obtain such an arrangement of the main directions, it 
is necessary to make the appropriate transformation 
(shift  and rotation) of the PL-2000 system. Designing 
a geometric layout requires fi rst determining its basic 
parameters related to the assumed speed of trains.

Th e standard procedure of design presented in the 
article is characterized at its initial stage by the lack 
of knowledge of the position of the local coordinate 
system origin relative to the P L-2000 system. Full 
integration of these systems requires the design pro-
cedure to be carried out in the local system until the 
very end. Th e position of the origin point of the sys-
tem with respect to the corresponding main point of 
the route and the resulting coordinates in the PL-2000 
system are determined only in the fi nal phase of the 
procedure. Th is may be the primary methodological 
reservation to the design method in question. Due to 
this, some interpretation problems may arise.

In the case of a  symmetrical geometric layout, 
those diffi  culties can be avoided by setting the origin 

of the local coordinate system at the intersection of 
the two main directions of the rout e, the coordinates 
of which are known. Once the basic characteristic val-
ues are determined, the computational algorithm de-
scribed in the article leads to solving the problem in 
a sequential way, much more convenient than before. 
Th e benefi ts are clearly illustrated by the two provided 
calculation examples.
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