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of the railway track axis on high-speed railways

Wiadystaw KOC!

Summary

The paper describes the assumptions underlying two new calculation methods: the determination of the directional angle
of a railway route and the determination of the curvature of a railway track axis. These methods use measurement data in
the form of Cartesian coordinates of the track axis (obtained during the survey), while the basis for the calculation is the
identification of a virtual chord projected in a horizontal plane, which connects two points on the track axis. The key role
for the calculation is played here by the determined slope of the tangent to the track axis. Subsequently, an attempt was
made to test the extent to which these methods correspond to the conditions specific for high-speed railways. This was
illustrated using two calculation examples involving geometric layouts for speeds of 260 km/h and 350 km/h. In order to
keep the applicability to reality to a greater extent, a decision was made to obtain hypothetical measurement data by virtual
modification of these layouts. Qualitatively, the results of the analysis carried out were no different from previous analyses
relating to standard railways. In particular, they confirmed beyond doubt the suitability of the methods considered for de-
termining the directional angle of the railway route and determining the curvature of the railway track axis on high-speed
railways. As shown, for use on these railways, a chord length of I, = 100 m should be recommended.

Keywords: railway, high-speed rail, directional angle of a railway route, curvature of the railway track axis, calculation
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1. Introduction

As we celebrate the 100th anniversary of railway
research in Poland, it is important not to overlook
the fundamental limitation of not having a function-
ing high-speed railway system. These railways set
the world level of technology in the field of railways
and, moreover, as it is commonly believed, indicate
a high level of civilisation. Looking from the perspec-
tive of other countries (with which we identify), the
described underdevelopment has been going on in
Poland for several decades, and the possibilities of
changing this situation are still not fully defined. This
also has an impact on the ongoing research topic due
to the lack of a key research object.

This obviously does not mean that research work
useful from the point of view of high-speed rail can-
not be carried out in Poland. Railway engineering
is such a broad field that it is possible to distinguish
fields which are of universal character and concern
not only standard railways. As it seems, this concerns

in particular the principles of designing track geomet-
ric layouts and the broadly understood maintenance
diagnostics of these layouts.

Regardless of type of railway, whether standard
or high-speed, the shape of the existing railway track
gradually changes over many years of use. After a cer-
tain period of time, it starts to deviate from its original
layout, designed in accordance with the regulations in
force. Particularly disadvantageous can be deviations
of the track axis in the horizontal plane. Therefore, it
is necessary to know the current geometrical shape of
the railway route so that anomalies can be eliminated
and possible corrections can be made. This is done
with the support of appropriate measurement systems
and calculation algorithms.

The measurement methods currently in use are
similar across different railway administrations [4, 5,
8, 24, 32]. In addition to classical surveying methods,
geostationary satellite measurements based on Global
Navigation Satellite System (GNSS) are used, which
utilise so-called active geodetic networks. Mobile sat-
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ellite surveying methods are also being introduced
[31], in which, in addition to GNSS receivers, Inertial
Navigation System (INS) devices [1] and visual meth-
ods such as Terrestrial Laser Scanning (TLS) [10] are
often used for support. The possibility of using sys-
tems consisting of satellite receivers mounted on dif-
ferent types of vehicles is being investigated [26, 34].

Measurements carried out provide the basis for the
identification of a railway route. It consists in deter-
mining its geometrical parameters by using the de-
termined Cartesian coordinates of the railway track
axis points in the appropriate state spatial reference
system. For example, in Poland - with regard to plane
coordinates — the PL-2000 system is in force [27]. This
system was created by assigning points on the GRS
80 reference ellipsoid [23] to corresponding points on
the plane, according to the Gauss-Kriiger projection
[33]. From a mathematical point of view, this assign-
ment is unambiguous.

The current approach to the problem of identify-
ing a measured railway route is to generate an opti-
mised geometric layout in a given area by minimising
the deviations of this layout from the measurement
points (while meeting the relevant maintenance and
operational requirements). The standard solution to
a design problem relies heavily on human experience
[18, 35]. Many works attempt to automate this process.
There are two variants: geometric identification [9, 19,
22, 25] and alignment optimisation [3, 6, 7, 28-30].
The works [2, 20, 21] propose several methods for
combining these variants into an iterative process of
railway track axis reconstruction. There is a trend that
most of the works mentioned in recent years have
been developed by Chinese researchers, so they are
undoubtedly relevant to the conditions specific for
high-speed railways.

As it turns out, the problem of geometric identifi-
cation of a railway track can be approached in a com-
pletely different way, by moving away from fitting
a hypothetical model system to the railway track axis
points determined by direct measurements. The basis
of identification can be the curvature of the geomet-
ric layout; in this case, it would only be necessary to
develop a suitable method for its determination. The
works [12, 15, 16] propose a new method of determin-
ing the curvature of the railway track axis, referred to
as the “moving chord method”.

However, in each case, the identification of the
geometric layout of the railway track is based on
Cartesian coordinates determined by field measure-
ments. Most often, these are measurements using
a ground-based geodetic network matrix, although
GNSS measurements, conducted in a static or mobile
manner, are becoming increasingly popular. Mobile
satellite measurements appear to be the most effective
method for determining the coordinates of a railway
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track axis. This method is by far the fastest and least
demanding, and provides an incomparable amount of
measurement data. The fact that this method is not
widely used is probably due to the issue of its accu-
racy, which has not been fully investigated.

However, there are situations when the satellite
signal can be disturbed (by the occurring terrain ob-
structions) or completely disappear (e.g., in tunnels).
In such cases, the ability to measure the value of the
directional angle of the railway route ® using an in-
ertial system is of great help. Knowledge of this angle,
along with simultaneous measurement of the distance
AL, allows to determine the Cartesian coordinates of
the next measurement point (knowing the coordi-
nates of the previous point). For the PL-2000 system,
the following formulae apply:

Y.

i+1

=Y, +AL-cos®,, (1)

X, =X, +AL-sin®,_ (2)

In this situation, the directional angle of the rail-
way route can also be used in the process of the geo-
metric identifying of the railroad track axis.

This article attempts to investigate the extent to
which high-speed railroads are compatible with re-
cently developed methods for determining the direc-
tional angle of the railway route and curvature of the
railway track axis. The methods are based on two ba-
sic principles:

e measurement data in the form of Cartesian coor-
dinates of the railway track axes obtained during
the survey is used,

o the basis of the calculation is the identification of
a virtual chord exposed in the horizontal plane
that connects two points on the railway track axis.

2. Method for determining the directional
angle of a railway route

2.1. Definition of directional angle

The concept of directional angle is particularly rel-
evant in the field of traditional maritime and aerial
navigation. In maritime navigation there is a term for
the so-called centreline, which is an imaginary line
connecting the bow and stern of a vessel, located in
the plane of symmetry of the vessel. The centreline
has no specific height in this plane, but is parallel to
the horizon. This is directly related to the term course,
which is the (horizontal) direction in which the vessel
is steered or should be steered. The course is deter-
mined as a measure of the angle (in degrees, clock-
wise) from the north reference direction. The true
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course (TC) which is of great interest to us is the angle
between true north (meridian) and the front of the
ship’s centreline.

One can easily see that the concept of the centreline
can also be applied to the longitudinal axis of a railway
carriage, determined by the line joining the bogie or
wheelset pivots. The angle of inclination of the cen-
treline with respect to the north direction can there-
fore be regarded as the directional angle (i.e. course) of
the rail vehicle. In the straight sections of the route, the
centreline of the carriage coincides with the axis of the
railway track, and in curves it is parallel to the straight
line tangent to the railway track axis. The directional
angle of a rail vehicle is closely related to the direction
of its movement on a given railway line (it determines
the course of the carriage expressed in degrees).

The directional angle of a route is determined on
a topographic map as the angle between the direction
of inclination of the tangent to the geometric layout
and the reference direction, which is a northerly di-
rection. The values of the directional angle at a given
point of the railway route are derived from the angle
of inclination of the tangent to the railway track axis
at that point. On straight sections, this tangent co-
incides with the railway track axis, so it can be eas-
ily determined by surveying, specifying the relevant
Cartesian coordinates [17] On curved sections (i.e.
transition curves and circular curves), the matter is
already more complicated, as direct determination of
tangents is difficult in this case.

It should be further noted that the directional
angle of a rail vehicle is closely related to the direc-
tion of its movement on a given railway line, whereas
a railway line does not have such a defined direction.
Therefore, such a direction should be adopted, bear-
ing in mind that it will be symbolic in nature. As it
seems, in order to keep the directional angle of the
railway route unambiguous, it will be most beneficial
to match the increasing kilometers of the railway line.

In any case, there is a need to develop an effective
method for determining both the directional angle
of the railway line and the directional angle of the
rail vehicle, based on appropriate measurement data.
The latter should be the Cartesian coordinates of the
railway track axis, allowing visualisation of the given
railway route and obtaining a general information
about its course. The presented proposal for solving
the posed problem refers to the assumptions made as
part of a new method of determining the curvature of
a railway track axis using a moving chord [12, 15, 16].

2.2. Basic relations
If one denotes by , the angle of inclination of the

tangent to the railway track axis in the rectangular
coordinate system, the directional angle of the rail-
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way route @, at a given point 7 is directly derived from
the value of this angle. To find it, a simple transfor-
mation is needed, involving expressing the angle ; in
degrees and applying the appropriate formula. For
0, eﬂ0;90°>, o, e(lo;—9o°> and ©, €(-90%-180°),
the following formula applies:

®, =90°-0, (3)
while for ©, €(90%180°)
®, =360°+(90°-O,) (4).
2.3. Assumptions

Therefore, the basic problem to be solved remains
the determination of the value ©; of the tangent angle
at a given point. For this purpose, a chord of a given
length stretched along the railway track can be used, as is
the case when determining the curvature of the railway
track axis by the moving chord method [12, 15, 16].

When using this method, the primary task of the
procedure for determining the curvature at the mea-
suring point i — based on the determined Cartesian
coordinates - is to determine the values of the angles
of the two virtual chords (derived from this point
forward and backward) to the axis of abscissas of the
corresponding rectangular coordinate system. This is
shown in Figure 1 (for a segment of a circular curve).

AY

-

X
Fig. 1. Schematic diagram of the determination of moving chord
angles [author’s own elaboration]

The method in question employs two key assump-
tions:

(1) The lines tangent to the railway track axis and
the corresponding chord are parallel to each other;

(2) The points of tangency project perpendicular-
ly to the centre of the given chord.

These assumptions are met for the circular curve.
However, along the length of the transition curve, this
is no longer the case, with the inconsistency result-
ing from a strict failure to meet these conditions being
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relatively small; this decreases as one moves into the
initial region of the transition curve.

The angles of both chords (front ® and back
®!”) do not refer to a given measurement point, but
to points distant from point i by the value correspond-
ing to half the chord length. To create the ®(L) rela-
tionship graphs, it would be necessary to determine
the linear coordinates of these points separately for
each chord, which would require an additional calcu-
lation. However, as it turns out, there is no need for
this, as the hypothetical angle ; of the tangent at point
i can be determined in another, much simpler way, us-
ing the values of the angles of the two virtual chords.

Assuming the determined values of the ®" and
®!” angles as the basis for the calculations, the angle
; of the tangent at point i was assumed to be the arith-
metic mean value of these angles.

e
0, = % (5)

2.4. Calculation algorithm

The methodology for determining the values of
the ®" and ® angles at any measurement point is
explained in detail in the works [13, 16] dealing with
the method of determining the curvature of the rail-
way track axis. The sequence of operations carried out
for this purpose is illustrated in Figure 2.

vi

E—

X
Fig. 2. Explanation of the method of obtaining data for
determining the values of the virtual chord angles derived from
point i [author’s own elaboration]

The procedure the data for determining the values
of angles ®" and ®'” begins with measurement
point i, which is located in such a way as to allow

Koc W.

a virtual chord of length /. to be projected backwards;
the end of the calculation must take place at a point
from which a virtual chord of the same length can still
be projected forwards. The basic operation that must
first be carried out is to determine the numbering of
the points determining the intervals in which the ends
of the virtual chords derived from point i are located.

In the case of a chord derived from point i for-
ward, the interval in which the end of the chord oc-
curs is determined by the points p,-1 and p; (Fig. 1).
Once these have been determined, it is possible to
provide an analytical description of the equation of
the straight line passing through these points. This
equation has the following general form:

y=a,+b,x. (6)

As shown in Figure 1, the projected end of the
front chord (i.e. point P)) lies on the straight line de-
scribed by equation (6), at a distance /. from point i.
It thus represents the point of intersection of a circle
of radius [, and centre at point i with the line (6). The
coordinates of point P, are determined from the fol-
lowing formulae:

X = _BPi + \ BIZ31' _4APiCPi (7)

Pi
2AP1'
—B, +,/B> —4A,C,
=a v+b Pi Pi Pi ' Pi (8)
yPl pi pi 2API-
where:
A, =1+b;

B, = _z(xSpi +bpinpi _apibpi)

_ .2 2 2 12
CPi _xSpi +ySpi zapinpi +api lc

+[(xi _xSpi)Z +(y" _ys"i)z}

=E— 5| itT—X —a

X .
o 1+b b P

1
2
pi pi

1
1+ 6%

pr

Vepi = (b;iyi +bpixi +api) .
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The “+” sign in formulas (7) and (8) occurs when
the values of the abscissae of the measured points of
the route are increasing, while the “-” sign is valid for
decreasing abscissae.

For a chord derived from point i backwards, the
interval in which the end of the chord occurs is deter-
mined by points ¢; and g+1 (Fig. 1). It is determined
in a similar way to that which was done for the chord
moving forward. The further steps are also similar
and lead to the determination of the coordinates of
point Q,.

With the Cartesian coordinates of point i (ob-
tained from measurements) and the coordinates of
the ends of the forward and backward virtual chords,
the values of the ®” and ®!” angles of these chords
can be determined, followed by the value of the tan-
gent angle at the given measurement point. A chord
moving forward connects point i with point P,, whose
coordinates are determined using formulae (7) and
(8). The angle of inclination is:

®i+Pi = ®§+) = arctanu (9)
X X

Pi i
A chord moving backwards connects the i point
with the Q, point. The angle of inclination is:

0,. =0 = arctan——%

Qi+i (10)

In this situation, the value of the angle of inclina-
tion of the tangent at a given measurement point is
determined using formula (5). The presented course
of action is sequential and consists in the use of the
given calculation formulas. The determination of the
value of the directional angle does not require the
development of special computer programs, and the
whole operation can be carried out, for example, in
a spreadsheet.

A detailed analysis carried out in the work [11]
clearly confirms the very high precision of the pro-
posed method of determining the directional angle of
the railway route and the lack of significance of the
assumed length of the virtual chord.

3. Method of determination of the
curvature of a railway track axis

Taking into account the definition of curvature re-
sulting from formula

A®| de

Al dl

k=1lim
Al—>0

(11)
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for the situation shown in Figure 1 the following
formula can be developed for practical use:

K. =

1

AB,
: 12
R .

In formula (12), A®, =0!” —@" represents the
difference in angles of the tangents to the geometric

layout displayed at points S and S§”, and S!”S""”
is the distance between these points .

While knowledge of the Cartesian coordinates
makes it easy to determine the A®, angle difference,

this is not the case for determining the Si(f)Si(” dis-
tance. In the case of a circular curve, it can be deter-
mined from the formula

—_— )
$78™ =2-R-arcsin 2}{ , (13)

however, from a practical point of view, this formula
is of little use, as the value of the curve radius R is
not known. In such a situation, the use of the moving
chord method requires adopting a third additional as-
sumption in addition to those given in subsection 2.3:

(3) curvature k; occurring at a given point i is de-
termined by the following formula:

K =—= (14)

It goes without saying that in the case of curved
sections, the values of curvature obtained using for-
mulae (12) and (14) must differ, since the condition

S8 > 1 applies in each case. Therefore, assump-
tion (3) implies a limitation of the range of applica-
bility of the method of determining curvature; the
assumptions adopted therein generally apply only to
a certain, limited range of geometrical parameters.

In order to determine the scope of applicability of
the moving chord method, a numerical indicator

d=—t_ (15)
s

was introduced to compare the values occurring in
the denominator of formulas (12) and (14) with each
other. This was possible for a circular curve, where

the distance Si(_)SiH) was derived from formula
(13). Figure 3 shows graphs of the d index calculat-
ed using formula (15) for circular curve radii in the
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1 /
0.99
- lc=10m
=
€ 098 ~——lc=20m
s
= lc=30m
= 097 lc=40m
0.96 lc=50m
0.95 . . . .
0 100 200 300 400 500 600 Fig. 3. Relationship graphs d(R) for different

R [m]

range R = 50 + 600 m, with moving chord lengths
[.=10+ 50 m.

As one can see, the values of the adopted d index
decreases (i.e. the more it differs from unit), the small-
er the radius of the circular curve and the greater the
length of the chord used. At the same time, the graphs
in Figure 3 fully clarify the question of the range of
applicability of the described method. As it turns out,
the moving chord method fully corresponds to the
conditions found on railway routes. Here, circular
curve radii R < 300 m are basically only used in turn-
outs, possibly on mountain railways. In typical situa-
tions, they are considerably larger so that, depending
on the category of the line in question, the speed of
the trains is not restricted.

Figure 4 shows graphs of the relationship d(R) for
a typical range of radii found on railways, taking into
account situations arising on high-speed railways. At
first glance, this Figure is similar to Figure 3, but, as it
turns out, the values on the ordinate axis here are one
order of magnitude smaller. This means that in prac-

values of /. (at R = 50 + 600 m) [author’s
own elaboration]

tice the S”’S!” lengths measured along the curve are
almost the same as the length of the corresponding
chord. For high-speed railways (i.e. for R > 3,000 m),
this issue must not raise the slightest doubt.

The above considerations explain to a large extent
why the cases presented in studies [12, 13, 16] on the
determination of curvature using the moving chord
method in an in-service track were fully successful.
It can be seen that the correctness of the proposed
method has a strong theoretical basis.

4. Selected calculation examples

The applicability of the two proposed calculation
methods for high-speed railways was demonstrated
using two calculation examples. For this purpose,
model geometric layouts of railway tracks created
according to the principles of the analytical design
method [14] were used. The individual elements of

1.001
1
——Ilc=5m
0.999
©
'_E ——Ilc=25m
N 0.998
g Ilc=50m
0.997
Ilc=75m
0.996
Ilc=100m
0.995 Fig. 4. Relationship graphs d(R) for circular
0 1000 2000 3000 4000 5000 curve radii occurring on railway routes

R [m]

(i.e. R =300 + 5000 m) and chord length
I.=5+100 m [author’s own elaboration]
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these layouts are described by mathematical equa-
tions, which greatly facilitates the relevant analysis.

In order to maintain the applicability to reality to
a greater extent, it was decided to obtain hypotheti-
cal measurement data by virtual modification of the
model layouts. The railway track axis coordinates
were corrected randomly at 5 m intervals, assuming
a maximum error value of £10 mm. The determina-
tion of the directional angle of the railway route and
the curvature of the railway track axis was carried out
for chord lengths I, = 50 m and /. = 100 m.

4.1. Geometric layout for the speed of 260 km/h

The first geometric layout, suitable for a speed of
260 km/h, consists of a circular curve with a radius of
5,000 m, two transition curves in the form of a Euler
spiral (i.e. clothoid) with a length of 240 m and two
straight sections of approximately 370 m. The total
length of the layout is 3,600 m, with a curve deflection
angle of a = 0.523599 rad. Its position in the PL-2000
system is shown in Figure 5. Circular curves have been
marked in red, transition curves in blue and straight
sections in green.

6036500
6036000

6035500

X [m]

6035000

6034500

6034000

Fig. 5. Geometric layout for the speed of 260 km/h 6033509

in the PL-2000 system [author’s own elaboration]

6328000
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Figure 5 shows the axes of the local x, y coordinate
system to which the geometric layout under consid-
eration will be converted, according to the procedure
described in [14]. The beginning of the x, y system is
located at the point of intersection of the main direc-
tions of the route, while the alignment of its axis al-
lows to obtain the symmetry of the geometric layout.
The designations in Figure 5 are as follows:

e W - point of intersection of the main directions,
the origin of the local coordinate system,

S - centre of circular curve,

P, - beginning of the first transition curve,

K, - end of the first transition curve,

P, - beginning of the second transition curve,

K, - end of the second transition curve.

To perform the conversion to the local coordinate
system, it is necessary to move the origin of the PL-2000
system to the point and rotate this system to the left
by an angle = 0.654498 rad. As a result, the situation
depicted in Figure 6 occurs.

After the virtual modification of the model geo-
metric layout, the directional angle values were de-
termined, assuming two chord lengths: I, = 50 m and

6328500

6329000 6329500 6330000 6330500 6331000 6331500

-2000
Fig. 6. Geometric layout for the speed of
260 km/h in the local coordinate system

[author’s own elaboration] 1

Y [m]
m
. Rauy
\W X [m]
-1500 -1000 -5 0 1000 1500 2000
=250 [S
K K
p 1 500 2 P,
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l. = 100 m. The resulting ®(L) graphs showed no dif-
ferences between them without enlarging the scale.
This is shown in Figure 7.

After enlarging the scale of the graph, certain dif-
ferences in the angle ® on the transition curves be-

500

1000

-1300

-1250

Koc W.

come apparent. However, these differences are small
and do not exceed a value of 0.1°. This is shown in
Figures 8 and 9.

As it appears, the graph of the directional angle de-
rived from the length of the transition curve is more

1500

2000

w
o=}
N
O [deg]

374

-1200

70
65
60
55
i
=
e 45
40
35
30
-2000 -1500 -1000 -500 0
L [m]
——Ilc=50m
~——|c =100 m
-1550 -1500 -1450 -1400 -1350
L[m]
67.6
67.4
67.2
67
E’n 66.8
=
€ 666
66.4
66.2
66
1150 1200 1250 1300 1350
L[m]

1400

1450

1500

-1150

1550

Fig. 7. Graph of the directional angle along the
length of the geometric layout for a speed of
260 km/h [author’s own elaboration]

Fig. 8. Graphs of the directional angle along the
length of the transition curve on the left side of
the geometric layout for a speed of 260 km/h
[author’s own elaboration]

Fig. 9. Graphs of the directional angle along the

length of the transition curve on the right side

of the geometric layout for a speed of 260 km/h
[author’s own elaboration]
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-2000
E
)
E
Fig. 10. Graph of curvature along the
length of the geometric layout for a speed
of 260 km/h determined with chord length
I, =50 m [author’s own elaboration]
-2000 -150
E
3
)

Fig. 11. Graph of curvature along the
length of the geometric layout for a speed
of 260 km/h determined with chord length
I, =100 m [author’s own elaboration]

regular (i.e. exhibits fewer disturbances) when using
a chord length of /. = 100 m. This observation will also
be confirmed when determining the curvature of the
railway track axis.

Figures 10 and 11 show graphs of the curvature
of the railway track axis determined using formula
(14) for =50 m and = 100 m, respectively. The nega-
tive curvature values in these graphs are due to the
shape of the track axis in Figure 6 (convexity facing
upwards). The red colour indicates the regions of oc-
currence of each geometric element.

On straight sections the curvature is equal to zero,
on a circular curve it is determined by the arithmetic
mean of the curvature values at the measuring points,
and on transition curves by the least-squares line. The
points of intersection of the latter with the horizontal
lines determine the beginnings and ends of the transi-
tion curves. Table 1 shows the values of the circular
curve statistics.

The graphs in Figures 10 and 11 and the numeri-
cal values in Table 1 show the high efficiency of the
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moving chord method in determining the curvature
of the railway track axis. As a result of the deforma-
tion of the model system, there are some disturbances
in the graphs concerning curvature, but they are rela-
tively minor, hence the practical usefulness of the x(L)
graphs when identifying the geometric layout is un-
questionable. At the same time, a clear predominance
of the chord with length I, = 100 m was revealed, dis-
cernible both visually in the drawings and based on
the numerical data in Table 1. In such circumstances,
this particular chord length should be recommended
for use on high-speed railways.

4.2. Geometric layout for the speed of 350 km/h

The second geometric layout, suitable for a speed
of 350 km/h, consists of a circular curve with a radi-
us of 10,000 m, two transition curves in the form of
a Euler spiral with a length of 280 m and two straight
sections of approximately 440 m. The total length of
the layout is 6,400 m, with a curve deflection angle of

Table 1

Summary values of circular curvature statistics for different chord lengths

Chord length Curvature value Radius of circular curve ~ Standard deviation Curvature index
I, [m] K [rad/m] R [m] o, [rad/m] o, /k [%]
50 -0.0001993850 5015.421 4.35346E-06 2.183
100 -0.0002000043 4999.893 8.94415E-07 0.447

[author’s own elaboration].
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a = 0.523599 rad. Its position in the PL-2000 system is
shown in Figure 12. As in Figures 5 and 6, the circular
curve has been marked in red, the transition curves in
blue and the straight sections in green.

Figure 12 shows the axes of the local x, y coordi-
nate system, the origin of which is located at the in-
tersection of the main route directions. In order to
obtain a symmetrical geometric layout in the local co-
ordinate system, it is necessary to move the origin of
the PL-2000 system to point W and rotate this system
to the left by an angle f = 2.356194 rad. As a result, the

6178000
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6175000
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6174000
6173000

6172000

6625000 6626000 6627000 6628000 6629000 6630000
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k 750
500 {S

250

Koc W.

situation depicted in Figure 13 occurs. The symbols in
Figures 12 and 13 are the same as in Figures 5 and 6.

After the virtual modification of the model geo-
metric layout, the directional angle values were deter-
mined, assuming chord length: I. = 100 m. Since, in
the case under consideration, the angle of inclination
of the tangent ©, € <90°;180°> , formula (4) was used
to determine the directional angle. The graph ®(L)
shown in Figure 14 was obtained.

Figure 15 shows the graph of the curvature of the
railway track axis determined by formula (14) with

6631000 Fig. 12. Geometric layout for the speed of 350 km/h in

the PL-2000 system [author’s own elaboration]

j——

xr Fig. 13. Geometric system for the speed of

-3500-3000-2500-2000 1500 -1000- 506250 §W 5001000

_ENN

O [deg]

295
-1000 0

-4000 -3000 -2000 1000 2000

L[m]

15002000

350 km/h in the local coordinate system
[author’s own elaboration]

2500300035

Fig. 14. Graph of the directional angle along
the length of the geometric layout for a speed of
350 km/h [author’s own elaboration]
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o \

K [rad/m]

Fig. 15. Graph of curvature along the
length of the geometric layout for a speed
of 350 km/h determined with chord length
I.=100 m [author’s own elaboration]

-4000 -300

a chord of length /. = 100 m. The curvature values in

this figure are positive because the geometric layout in

Figure 13 has its convexity directed downward. As be-

fore (i.e. in Figures 10 and 11), the red colour indicates

the regions of occurrence of each geometric element.
The values of the statistics for the circular curve
are as follows:

e mean value of circular
kK =0.0000999982 rad/m, _
mean value of circular curve radius R = 10000.177 m,
standard deviation of circular curve curvature
0, =9.03667E-07 rad/m,

e curvature index o, /k = 0.904%.

curve curvature

The analysis of the geometrical layout for speeds of
350 km/h has unquestionably confirmed the suitabil-
ity of the moving chord method for determining the
directional angle of the railway route and determining
the curvature of the railway track axis on high-speed
railways. A chord with a length of I, = 100 m seems to
be the best solution in this respect.

5. Conclusions

Knowledge of the current geometric layout of the
railway track, obtained through measurement, allows
for the elimination of any irregularities and the in-
troduction of potential adjustments. Measurements
carried out provide the basis for the identification of
a railway route. It consists in determining its geomet-
rical parameters by using the determined Cartesian
coordinates of the railway track axis points in the ap-
propriate state spatial reference system.

The current approach to the problem of identify-
ing a measured railway route is to generate an opti-
mised geometric layout in a given area by minimising
the deviations of this layout from the measurement
points (while meeting the relevant maintenance and
operational requirements). As it turns out, this prob-
lem can be approached in a completely different way,
as the basis for identification can be the determined
curvature of the railway track axis.

0.00008
0:00006
0.00004
0.00002
0.00000

-1000) 00002 ©

L[m]

-2000 1000 2000 3000 4000

Since, in each case, the identification of the geo-
metrical layout of the railway track is done on the basis
of the Cartesian coordinates of the railway track axis
points (obtained during the survey), it was decided to
use these coordinates in new calculation methods in
which the determined inclination of the tangent to the
railway track axis plays a major role. This value is deter-
mined by the identification of a virtual chord projected
in the horizontal plane, which connects two points on
the railway track axis (this chord is derived from a giv-
en measurement point forward and backward).

The article describes in detail the assumptions of
the method for determining the directional angle of
the railway route and the methods for determining the
curvature of the railway track axis, together with the
relevant calculation algorithms. Subsequently, an at-
tempt was made to test the extent to which these meth-
ods correspond to the conditions specific for high-
speed railways. This was shown using two calculation
examples involving geometric layouts for speeds of
260 km/h and 350 km/h. In order to maintain the ap-
plicability to reality to a greater extent, it was decided to
obtain hypothetical measurement data by virtual mod-
ification of the model layouts (the railway track axis
coordinates were corrected randomly at 5 m intervals,
assuming a maximum error value of +10 mm). The de-
termination of the directional angle of the railway route
and the curvature of the railway track axis was carried
out for chord lengths = 50 m and =100 m.

The methods considered are related as they both
employ a moving chord. When comparing the two
methods, one can conclude that the method for de-
termining the directional angle is considerably more
accurate than the method for determining curvature.
This is likely due to the additional simplifying assump-
tion made when determining the curvature, concern-
ing the distance between the tangency points of both
chords to the geometric layout. However, as numerous
analyses have shown, the identified inaccuracies are
not significant from the perspective of the survey.

Qualitatively, the results of the analysis carried out
were no different from previous analyses relating to stan-
dard railways [11-13, 16]. In particular, they confirmed
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beyond doubt the suitability of the methods considered
for determining the directional angle of the railway route
and determining the curvature of the railway track axis
on high-speed railways. As shown, it would be advisable
to use a chord of I, = 100 m on these railways.
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